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Interpolation problems with periodic splines of defect 2 on an equidistant lattice
with two shifted interpolation nodes in each knot interval are considered. Then the
periodic Hermite-spline interpolation problem is obtained as a special case. Using
generalized Euler-Frobenius polynomials and exponential Euler splines. a simple
criterion for the existence and uniqueness of solutions of the considered inter-
polation problem can be given. This solves an old open problem and generalizes
the well-known result on periodic Lagrange-spline interpolation obtained by
G. Meinardus, G. Merz, and H. ter Morsche. An extension to cardinal spline
interpolation is also described. 1994 Academic Press. Inc.

1. INTRODUCTION

It has been known for a long time that the investigations concerning the
construction of spline interpolants as well as the problem of existence and
uniqueness of solutions of spline interpoiation problems on an equidistant
lattice unavoidably lead to the Euler-Frobenius polynomials and their
generalizations (cf. [11]). Recently we described an efficient algorithm for
the computation of periodic Hermite-spline interpolants on the equidistant
lattice Z (cf. [8]). This method uses a generalization of Euler—Frobenius
polynomials which is based on B-splines with multiple knots and can be
extended to shifted nodes too.

Now we are mainly interested in the investigation of the existence and
uniqueness of solutions. This problem has been completely solved only in
the case of Lagrange-spline interpolation (r=1) (4, 7]. For r =2 results on
the correctness of cardinal and periodic Hermite-spline interpolation on an
equidistant lattice without shifted nodes may be found in [3,2,5].

In this paper we consider a periodic spline interpolation problem based
on spline functions of defect 2 with two shifted interpolation nodes t,+ /
and t, + j (19, 7, € (0, 1]) in each knot interval [, j+ 1]. Then we obtain
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the periodic Hermite-spline interpolation problem in the special case
To=1,.

The purpose of this paper is to present a simple criterion for the
existence and uniqueness of solutions of our extended spline interpolation
problem. Contrary to [6,9, 10] we prefer a new generalization of Euler—
Frobenius polynomials which is based on B-splines with double knots.
A representation of the symbol of the interpolation problem considered is
given and its behaviour on the unit circle is studied. Our result can easily
be extended to cardinal spline interpolation.

2. MaAIN RESULTS

Let N, meN and re {1, .., m} be fixed. By S, we denote the linear

m.r

space of all N-periodic real functions se C™~ "(R) with
S(j+t)=pj(t)’ p]:p/'+NEPm

for all te[0,1] and for all jeZ, where P,, signifies the set of all real
polynomials of degree <m defined on [0, 1]. The elements of S, are
called N-periodic spline functions of degree m and defect r on the equidistant
lattice Z. It is well known that dim S} =rN. Furthermore, let y“'eR
(JeZ, k=0,..,r—1) with y*'= y® _be given N-periodic data, which can
be completely described by the vectors

y“‘): (yék), y{k)’ ey }‘5\’,"'7‘)7‘6 RN (k=0, vy ¥ — 1)

In the case of Lagrange-spline interpolation (r=1) with shift parameter
te(0, 1], we wish to find an N-periodic spline function se SY | satisfying
the interpolation conditions

sG+=r®  (jeZ). (1)

Then the well-known existence- and uniqueness theorem of G. Meinardus,
G. Merz, and H. ter Morsche holds:

THEOREM 1 (cf. [4, 7]). Let N, meN and te€(0, 1] be fixed. Then the
interpolation problem (1) is uniquely solvable for any data vector y© e R” if
and only if one of the following conditions is satisfied:

(i) N odd,
(ii) N even and m even and 1€ (0, 1),
(iii) N even and m odd and 1 #14.
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Remark. The mth Euler polynomial E,, on [0, 1] may be defined by
Eot)=1  (t€[0,1]),
E.()=E, (1) (meN), E,(0)+E,(1)=0 (meN).

Then the conditions (ii) and (iii) of Theorem 1 are equivalent to the
condition

(iv) Neven and E, (1) #0.

In the case r = 2, we consider the following spline interpolation problem:
For given shift parameters 1,, 7, € R with 0 <t1y,< 1, <1, we try to find an
N-periodic spline function se S, such that

s(+t)=y"  (jeZ),
(2)

s[j+fo,j+T1]=)’,(-l) (JeZ),

where s[j+ 74, j+ 7, ] denotes the first order divided difference. The jth
Bernoulli polynomial B, on [0, 1] may be defined by

By(t)=1 (te[0,1]),

and
B.0=B() (jeNoh | Bydi=0  (jeN)

Our main result, proved in Section 6, is the following

THEOREM 2. Let N, meN (N,m=2)and 15,1, e R with0<1,<1,<1
be fixed. Then the spline interpolation problem (2) possesses a unique solution
for any given data vectors y'©, y e RY if and only if

B,,[70,7,]#0. (3)

Here B,[7,,7,] denotes the divided difference of the mth Bernoulli
polynomial.

Remark. In the case t=1t,=1, of Hermite-spline interpolation, the
condition (3) is equivalent to

B, _(t)#0.

The behaviour of the zeros of the Bernoulli polynomials on [0, 1] is
known. In particular, if m is even, then the Hermite-spline interpolation
problem (2) is uniquely solvable if and only if t¢ {3, 1}.
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ExaMPLES. In the case of quadratic spline interpolation (m, r)=(2, 2),
the condition (3) is equivalent to

o+ 717, — 1#0.
In the cubic case (m, r)= (3, 2), we obtain from (3)
2ty + Tt + )= 3(to+1,)+ 1 0.

In particular, if t=1,=1,, then the corresponding Hermite-spline inter-
polation problem (2) has a unique solution if and only if

t¢ (11 +D, - /D

3. GENERALIZED EULER-FROBENIUS POLYNOMIALS

Now we introduce the generalized Euler-Frobenius polynomials with the
help of B-splines. Consider equidistant knots with multiplicity r,

Xjym =k (kel, j=0,..,r—1)

Let B , € C™""(R) denote the normalized B-spline of degree m and defect
r with the knots x,, x;, ;s -, X4 ,m+ (. Then the N-periodic B-spline P]
is given by

k.m

PI: m(r) = Z Bk m(‘c+”N) (XER)'

Observe that the N-periodic B-splines
Pl (X)=P] (x—k) (j=0,.,r—Lk=0,.,N-1)

form a basis of the spline space S} .
The mth Euler—Frobenius polynomial H) of multiplicity 1 and with shift
parameter te [0, 1] is defined by the equation (cf. [12])

”

H,(t,z) := ) By, (v+1)z',

v=10

where zeC, meN Note that the classical Euler—Frobenius polynomial
reads m!H}(1,z) (cf. [11]).
IfseSY, of the form

m, 1

N 1
s(x)=Y Py (x—k)
K=o
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satisfies the Lagrange-interpolation condition (1), then it holds that

H!(t,V)e=y?

with ¢ := (cq, ... ¢y _ ;)" €R”, where

0 -~ 0 1
1 00
Vi={. .
0 1 0

denotes the fundamental circulant matrix (cf. [8]). Therefore the inter-
polation problem (1) is uniquely solvable if and only if the circulant matrix
H)(t, V) is nonsingular. This is satisfied if all eigenvalues of H)(z, V) are
different from zero, i.e., if H.(t,w/)#0 for j=0,1,.., N—1, where w:=
e?™'~. We call the polynomial H! the symbol of periodic Lagrange-spline
interpolation with shift parameter t.

The following hold:

zH,)(1,2)=H,(0, z) (m=1), (4)
H)(r,1)=1 (m=1), (5)
H,‘,,(t,O):#t'" (m=1), (6)

%H,',,(!,z):(l—z)H,i,,,(t,:) (m=2) (7)

A list of properties of m!H,, can be found in [12].
Now it is our goal to define a symbol for the generalized interpolation
problem (2) like H) in the Lagrange case.
With the help of the generalized Euler—Frobenius polynomials of
multiplicity 2 with shift parameter t € [0, 1], given by
Lm/2}
HZ (t,z):=Y B (j+1)z
=0

5 Lmi2 ] ) )
Hl.,m(t’ 7)== Z sz,m(J"" 1)z,
i=0
we define for m>2
Hg,m(tO, Z) H%_,y;(’O!‘:)
Hg.m[t()’ Il](z) le,m[t()» tl](:)

with 15, 1,€ [0, 1], ze C. Again H],[1,,1,1(z) and H] ,[1,, 1,](z) denote
divided differences with respect to .

H;([Oa ’ls Z) =
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THeOREM 3. Let N, meN (N, m=22)and 0 <1< 1, <1 be given. Then
the interpolation problem (2) is uniquely solvable if and only if
H2 (1o, 14, w/)#£0 (j=0,.,N—1),

where w = e>™'",

Proof. We follow the ideas in [8] for the computation of Hermite-
spline interpolants. Let y'», y'’ e R be the given data vectors. If se S, , of
the form

s(x) = }: (cx P (X~ k) + dg P2, (x — k)

satisfies the interpolation conditions (2), then we get

( H{ (10, V) H? (10, V) )(c>_<y(°’)
Hé.m[ft)s"l](v) le_m[fo’fx](v) d yt

with ¢ :=(cg, ... cxy_1)’, d:=(dq, ... dy_ ;)T e R". By definition of H2 it
follows immediately that

H;(TU’TI’V)C_ lm[TO"T']](v)y(O’ lz,m(TOav)y“)s
Hri(TO’ 1, V)d= HO,m(TO’ V) y(” - Hg,m[fo, Tl](V)y(m-

Hence, our periodic interpolation problem (2) is uniquely solvable for any
data vectors y°' and y'" if and only if the circulant matrix H2(1q, 7,, V)
is nonsingular, i.e, if H2(zq,7,,.w/)#0for j=0,.,N—1. |

We call the polynomial H? the symbol of the spline interpolation
problem (2).
ExampLEs. For m=2 we have
Hl,(t,z)=211—1),  Hi,(,z)=1"+(1-1)z
sz(to, 1, 2)=2tot; — (1 = to)(1 —£))2).

For m=3,
HZ (1, 2)=1 3—-5-t +l(l~t)3z
0,315 < 2 2 >
H? ([ .,) ﬁ (1_,)2 5 1 -
LRB2IT 0 +3)®

3
Hi(1o, t,,z)=§ {tgtlz_ [to(l—to) + 01—t )+ 2151,(1 — )1 — 1)) ]z

+ (1~ 1) (1~1,)’2%}.



PERIODIC SPLINE INTERPOLATION 7
4. EULER-FROBENIUS POLYNOMIALS OF MULTIPLICITIES 1 AND 2

First we establish some properties of the Euler-Frobenius polynomials
H;, and HT .

LEMMA |. Let meN (m=2), te {0, 1] be fixed. Then we have

zH},(1,2)=H,0,2)  (j=0,1), (8)

Hg'm(t, l)+H,2’m(t, =1, 9)
—a—HZ (t *):m{—lez (t z)—————l-——~——H2 ( z)}
a, Q,m\ bty = Lm/z—] 0,m— 1\ L(m"‘l)/z_J b — 115 ’

1 2

m”hmq(hﬂ

S =m]

ét S,m;.(t,z)}. (10)

T ?

Proof. 1°. Since BZ2,(0) = B2,(0)=0 and B, (m2]+1)=

t,m Q.m

B{ ,(Lm/2]+1)=0, we see for m>2 and j=1, 2 that

Lm2] Lmi2])—1
H2,0,z)= Y B} (k)z*= Y B} (k+1)z**'
k=1 k=0

J

L2 §
=z ) Bl k+1)zX=zH] (1,:z).
k=0 '
2°. Let te [0, 1]. By the well-known partition of unity property of the
B-splines we get
Lm/2
HS () +H} (1))=Y (B (k+1)+ B} (k+1)=1.
k=0
3° The relation (10) follows immediately from the recursion formulas for
B-splines with double knots

LAPF R I S R

dx BOM(X) - {Lm/2j BO""“ l(x) L(m + 1)/2J Blz.m - 1(—’5)},

g2 ymm L L

dx I {L(m Tyag B 1)~ g Bom ”}
(xeR). 1

In order to analyze H’, we introduce the determinant 42, by

Hrln(toaz) H,Lf;(to, Z)

A2 (to, t,, 2) =
o H [t,1,1(z) H,_ [t t,]()
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with 1y, 1,€[0,1], ze C, where H!{1,,7,](z) (n=m, m—1) denotes the
divided difference of H (¢, z) with respect to the variable .

THEOREM 4. Let t,, t,€(0, 1] und z€ C be given. Then we have
Apzn(’()s tls :) = Cm(l - :)m Hyzn(r(b tl’ :)
with

, )t )
o= Tomt T T T

Proof. The proof follows from several statements.

1°. The Euler—Frobenius polynomial H) (m=2) is uniquely determined by

H! |, if the relations (4), (5), and (7) are satisfied, where H[(1,z):=
(1—z)+z

Assume that the functions P (¢, z) and P,(t, ) satisfy the relations

;—;P,(r,:)ngz(t,z):(l—:)H,‘,, (1, 2), (11)
P U(1,2)=P(0,2),  zPs(1,z)= P50, z) (12)

and
Pt )=Py(t, 1)=1. (13)

We consider Q(1,z):= P,(1,z)— P,(t.z). Then (11} implies that (&/¢r}Q(¢, )
=0, ie., Q1, z)=¢(z). Using (12), we find that (1 —z) g(z)=0. Hence
¢g(z)=0 for zeC, z # 1. Finally, from (13) we have ¢(1)=0 and therefore
Q(t,z)=0.

2° Let 0<t <1 and z € C be fixed. Furthermore let A,, (m = 2) denote the
square matrix which is recursively determined by

Lm/2 ] Lm/2 ]

1
A,(z)=—A, (2) <Um + 12z L(m+1)/2]

m

) (m=3),

where

Then for m=2,

Hlln([’:) _ - H(im(l’ Z)
<H”l' ](l’ :))—A"’(;)<H]2.m(t’: )'
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For m=2 we have
Az HZ (1, 2) (27 1+:>( 20(t — 1)
2‘)(Hf_2(t,z)) 2\1+z 2 12+(1—z)2:>
=z 4201 - 2) "+:2+z>_ HQ(:,:))
~2( 2[(1—z)+=] _<Hf(r,z) '

Using 17 we prove inductively, that for m >3, the components of
A, (H;,, H},)" satisfy the relations (4), (5), and (7). From (10) we get

_ ((8fer) HS (1, 2)
Anlz) ((8/61) H? (1, :))

_La (,)( Lm/2 ] Lm/2] )
Tm Lm+1)/2Jz Lim+1)/2]

<1/Lm/2—‘ HO mfl(t z 1/L(m+ l /2_.‘ Hl m - l(t’ :)>
YL(m+1)/21HY,, l(t z)—zLm/2 Hg,, (1. 2)

(1= Hg 11 2) . (H' ,(1,:)>
=(1-2)A, ,,()( 1(“)> (=2 " )

m o2

Hence (7* holds. The relation (4) follows immediately from (8). By (9) the
relation (5) is established if A,,(1)=(} |) holds. But this is a simple conse-
quence of the definition of A,, and the fact that | m/2 J+| (m+1)/2 ]=m.

Now 2° follows from 1°.
3°. The assertion of Theorem 4 holds.

From 2° it follows that
< H (15, 2) H) (ty,z) >
H!l[to, 1, z) HY 1o, 1,1(2)
=( {ig.m(tﬂ’ Z) ]m(l()ﬂ“) )A (,.,)T
Ha.m[to»tl](:) lm[,0’t ]( )
Applying the multiplication rule of determinants we obtain

Ax{tg, 1;, ) =det(A,(2)) H(1o, 1), 2).

We prove inductively that for mi =2

det(A,(z))=c,(1—-2)" (14)
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with
o (m!* ' _ (m)!4n+1)
=T T T T )
For m=2 we have
1 2z 1+4: 1 5
- = ——(1—-2)4
zdet(wz 2 ) ;19

Assume that the assertion holds for m — 1. Then

Lm/2] Lm/2 | )
Lim+1)2]z [(m+1)72)

1 m||m+1
ZZb“ . J(l~z.)det(A,,, 1(2)).

Using the induction hypothesis we arrive at (14). |

det{A,(z))= ;:—1 det(A,, ((z))det (

5. A PROPERTY OF THE SYMBOL H7

In order to establish Theorem 2, we must investigate the eigenvalues
of HZ2(t9,1,,V) In Section6 we find that |H2(ty,t,,w/) >0 for
j=1,.., N—1, t,, t,€(0, 1]. The remaining case j=0 is treated by

THEOREM 5. Let t, t,€(0, 1] be fixed. Then for m=2 we have
H,?,(IO’ [19 l ):dem[rO’ tl]’

where B,,[ty, t,] denotes the difference of the Bernoulli polynomial B,,. The
constant d,,, is independent of t, and 1.

Proof. 1°. For fixed t,, t,€(0, 1] and m =2, the following holds:
Ho(to, 1, )= H{ 15, 1, 1),
First we show the relation
Hg [, 111y = —H{ 10, 1,1(1). (15)

For t=1,=1t, we get (15) differentiating (9). For t,#1, we have

1
HZ,[to, t, WO+ HE (16, L1 =—r0 (HS,(to, )+ H] (15, 1)
0t

—HZ (1, )—HZ, (1,,1)=0.
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Thus, from (9) it follows that
Hy(to, 11, 1) = H{ (10, 1, (1) (H; ,(te, D+ HY (16, 1)
=H{ [t 1,1(1).
2°. The assertion of Theorem 5 holds for ty=1,=1€(0, 1], ie,
HX(t,1,1)=d, B, (t)=d,B, (1)

From 1° and (10) we conclude that

2

d d
—H(1, t,1)=d H?, (1, 1)

dt
(g 2
i (G e D= i D)}
Now, by (9) we have

d d 1 1
a it ”zz{"’(uw 1)/2J+Lm/2j) Hipoalt ”}

- 1 1 ,
_m<L(m+1)/2J+Lm/2_|> H, (61 1) (16)

Furthermore (8) implies that
1
J HX(t,t, \)Ydt=H] (1,1)—H}, (0,1)=0. (17)
0

Note that H}, [1,¢](1) is a polynomial of degree m — 1 with respect to 1.
Therefore, by the definition of B, the assertion 2° follows from (16), (17),
and the fact

HXt,1,1)=41—2=4B(1).

3°. The assertion of Theorem S holds for t,#1,.

From 1° and 2° it follows that
[t t](1)=-—H2 (t, )=d,B,,_,(1).

By integration we find

H (6 1)=d,B,(1)+r,,
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with constants d,, and r,,. Thus,
Hm(t()s t,,)y=d,B,[,1,] 1|
Remark. The constant 4, can be computed easily. We find

4"((2n—1)1)° 47((2n+ 1)M)?

T P S T

6. EXPONENTIAL EULER SPLINES

Now we show that for any fixed ¢,, t,€(0, 1] and B, [t,,+,]#0 the
matrix H2(tq, t,, V) is nonsingular, ie., that

m

Hl(tg. 1y, w)#£0  (j=0,1, ,N—1)

with w 1= e,

Unfortunately, ideas similar to those in [4, 7] cannot be applied,
because we are not able to describe the zeros of H? for any ¢4, t,€ [0, 1]
and for any m > 2. Indeed, we are only interested in the case |z| = 1. Our
main tool will be the symbol of cardinal interpolation with centered B-splines
of degree me N, which is defined for a fixed shift parameter xe R by

m+ 1 N
(Pm Xy u Z BOm( 2 .>€”u, lle[‘ﬂ, 7'[]

jeZ

(cf. [1]). The following identities and properties of ¢! are used in our
further considerations.

THEOREM 6 (cf. [1]). For meN, xeR, and —n<u<n, we have

(1) el(xtLu=e*"g! (x,u),
(Pm(x ‘_ll) = (P,ln( —X, u) = (pp]n(x’ ll),
e “pl(x+3u)=9(3—x, u),

. i, .
(i) -a—;q):n(x,u)=(1—e”")(p},,fl(x-k%,u) (m=2).

(ili) For 0<x<iand O<u<n,

eL(x, )=, (x, u) e™? + B, (x, u),
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where
12 N
&, (x,u)= 2j Re[e 2! (1,u)]) dr,
1/2- x

1/2—-x
Bu-rxw=2] " Relp), \(xw)]dr

Now let m>21 and O <uy,<m be fixed. Then we have

(iv)  The function arg @} (x, uy) is strictly increasing for xe [0, 1]. In
particular, arg ¢! (0, uy) =0, arg ¢} (3, ug) =uo/2, arg o) (1, ug) = ug.

(v) The function \@! (x, uy)| is strictly decreasing for xe [0, ] and
strictly increasing for x e [, 1]. Particularly, ¢! (x, ug)| >0 for xe [0, 1].

(vi) We have

O<argpl(x,ugy<xuy for O<x<i.

Xt < arg @) (x, ug) < ug Sfor i<x<l.

(vii) Further, @) (x, ) is a real and for x € [0, ] strictly decreasing
function with ¢} (3, 1)=0.

We consider the determinant

@ L (xo, 1) @l (xo+1,u)

(m=2)
(P,In[-"()s x; J(u) ‘/’,lnw (Exo+ %’ Xy + %](u)

‘P,Zn(-’f()a Xy, u)i=

with xg, x, €R, ue[—n, n), where ¢! [xq, x,J(1) and ¢! (x4, x;1(u)
denote the divided differences with respect to the variable x. The connec-
tion between ¢2, and 42 is described in the following

LEMMA 2. For t,, t,€(0,1]),—n<u<mn, and meN (m=2), we have

eiulmr—lb(p'zn(l_to’ 1 _[l’u) l_/‘m is ()dd,

AX (1o, t,, ") = i
m\tos 1 piutm - H(p'zn(%_to, %_[I, u) :fm 15 even.

Proof. Using (i) and the symmetry relation Bj , (x)= B ,(m+1—x)it
follows from the definition of ¢, that for m> 1

eMm=02p1 (1 _x u)y  if misodd,
"2l (L~ x, u) if mis even,

H}(x, e”‘)={

640:76/1-2
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For m>2 odd we see from (i) that

(plln(l__to’ u) (prln~l(%_t0’ u)
o[l —to, 1 =1,1(w) o, _[53—19,3—1,](u)

[Pm(l t()! tl’u)'

Ai,(th tl’ eiu):__efu(mf 1)

fuim —2)

=e
The relation follows analogously for m =2 even. |}

By Theorems 4 and 5 and Lemma 2 it suffices to show that
R 2nj .
@, xo,xl,—ﬁ— #0 (=L .. N—1 x4 x,eR, |x,—x,|{ <1).

The following identities are immediate consequence of the definition of ¢?,
and (i).

Lemma 3. For meN (m>=2), x,, x, e R, —n<u<n, we have

(P,Z,,(XO,xl, u):(pfn(x,,xo,u), (18)
(P;’;,(X(],xl,_‘u)= —e m(/’,zn( ~ 0’ ——xlau):‘(p,zn(xo’ xlau), (19)
(przyl(%+~Y0a %+ xl! u) - _€3lu(Pm(5_ Xgs 2 — Xy, u)' (20)

For x,—x,¢ Z,

(xl - (X()i_ 1)) (P,zn(xoi 1’ xls u) = eim(xl —'XO) (p;zn(XOs x] > u),

(x, £ 1—x0) @2(x0, x, £ L, u)=e*™“(x; — x¢) @2 (xq, X, ). 20
For x; —xy=keZ\{0},
@2 (xo+k, xo, u)=0.
For xy=x,
Pr(Xo+ 1, xo+ 1, u) =2 (xy, X, u),
(22)

(Pf,.(xo‘ I, xg—Lu)y=e zm(Pz (xq, xq, u).

By Lemma 3 we may restrict our investigations to the intervals 0 <u <=
and x,, x,€(0, 1].
THEOREM 7. Let x4, x,€(0, 1] be fixed. Then for m=23 and O <u <,

we have

[@2(xg, X1, u)| >0.
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Proof. Since (18) we need only consider the case 0 <x,<x, <1
1°. First let x = xo=Xx,.
By (20) it can be supposed that 0 < x < 3. From the definition we have

2 1 a l 1 1 1 a 1
qor.;l(x’ X, u)zwm(x’ ”)Eﬁom i x+§’ u —wm 1 x+§’ u ;{\-_‘(pm(x’ U).

Using the properties (i} and (i1) it follows for m > 3 that

(7P|

erlx, x,uy=(1—e ")e"p\(x, u) @) _(x,u)— (@), _ (x+4, u))).
Thus it remains to show that for m>=23 and O<u<m,

fu, .1

e (X, 4) @ (% W) # (@, (3 + 5, ) (23)
The case u=r follows readily from property (vii). Now let u,e (0, n) be
fixed.
1°.1. The assertion holds for x=0 and x = 1.
On the one hand for 0 <7< { and m>1 we have from (vi)
n

O <arg @) (¢, ug) <ugt < 5

Therefore, we obtain Im ¢! (4, u) >0 and Re ¢}, (1, uy) > 0. Hence we may
write

Im [¢,.(t 4o)]

<tan ugl.
Re[ o, (1, up)] ¢

This yields

1
(0L(t, o) < Re[ (1, o) J(1 + tan? up1) 2 = SoL@mll: o)

COS Uyt
ie.,
Re[@,,(1, uo)]> 19,,(2, uo)| cOs uot. (24)
On the other hand it follows from (vi) that
—’5’< —529< argle 20" (1, uy)] <u0t—329<0.



16 GERLIND PLONKA

Thus, we get Im[e ™! (¢, us)]1<0 and Re[e ¢! (1, uy)]>0. Hence,

Ug Im[e i""““‘z(,o,l,,(f, ug)] (l
ta —_— > — — > tan ~ , Y
n 2 Rc[e mou(p;]n(t’ u())] 2 o

which implies

I , 1 172
[, (1, 1)l > Re[e mwh(l’)n(l, )] <1 +tan” (E - f) u())

= Re[e” mo(z(P] (1, uy)]

m

cos(1— u,

and therefore

Refe “?@,(t, uo)] <@, (1, uo)l cos(z = )uq . (25)

Now, using the recursion relation (iii) and monotonicity property (v) we
find, from (24) and (25),

1,2
l(p;ln+ 1(0* uO)‘ = lﬁm(o’ u())l > 2 f() I‘p;ln(t, u())l Ccos u()t d’

> ’(P;In(% ug)| sinc(aiy/2)

and

1/2
04 a(d ol =l el <2 [ fp (e o)l cos(d — rhug d
0

< ‘(Plln(oa up )| sinc(ug/2).
The required inequality (23) follows for x =0 and x = 3, since

](prln(()’ u()) (Prln 2(0’ uO)'

}(prln —1(%’ uO) (prln 2(0, u0)| Sinc(u0/2) _
l(prln - l(zl!:* u())!2

1@, (3. ug) (P,ln (0, uy)] sinc(ug/2) o
l(plln(%’ u()) (plln 2(%’ u())l (pfln I(O* uO) (prln 2(%’ u())l Sinc(“()/z)

- =1.
I‘P,[n (0, “())'2 I‘P,I,. (0, 1y) ‘\D,I,, z(%a tg)| sinc(ug/2)

1°.2. The assertion holds for 0 < x <.

Let m>3 and u, € (0, 7) be fixed. For 0 < x <1 we have, from (vi),

Uy <argle™p, (x, uy) @, (X, )] < 2xuy+ 1.
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Furthermore,
(x+Hup<arglo,, (x+13,u5)] <uo,
1Le.,
up + 2xuy < arg[ (@), (x+ 1, uy))?] < 2u,.
Hence,

argle™g,(x, uy) @, 5(x, o)1 <arg[(@,, (x+3, )]

Together with (v) this completes the proof of 1°.2.
2°. Now let xq< x,.
Then @2 can be simplified to

l @ (x0,u) @, (xo+ 3, u)

2
@nlxo, Xy, u) = ———
0 ! (xl—x()) (plln(xl’u) (p:ln ](xl+%'u)

with m>2 and ue(0,n]. Thus it remains to show that for any m >3,
O<u<m,

(X0, ) @ (X + 5 W) E @ (X, u) @) (Xo+ 5, 1) (26)

First, let 0 <xy<x, <% Then it follows from (v) and (vii) that for
O<ug<mand m=2,

l(p,ln(XO’ u0)|>'()opln(xl’u0)|s |(P,1",,](xl+%, u0)|>l(pyln 1(x0+%, u())l'

Hence the inequality (26) holds. Analogously the assertion can be shown
for < xy<x, < 1. Therefore we need only consider the case 0 <x;< i<
x; < 1. For 0 < xp,< 4 and x; =1 we find from (i), (v), and (vii)

l@ L1, ug)l =910, up)l > (@ (x0, o)l
loh_((xo+ 5, up)l >Nl (5, u)l =lo), (3, u))l  (m=2),
which implies (26).

Finally, for 0 <x,<1i<x; <1 and 0 <u,< = it follows from (i) and (vi)
that

1 u
g <arg I:(P,ln(xm ) (p’|"7] (xl +§, “0)] <'29+ (xo+ xy)ug
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and

t
%—I— (xo+ X, Yuy < arg [qp,'"(x|, uy) @) <x0+5, uo>] < 2u, (m=2).

Thus, by (v), we have @2 (xq, x,, 4y)] >0. For uy=n and 0 <xo<i<
x; <1 we find from (vii) that
(plln(x()’ 7'[) (plln l(xl—*—%’ 7[)<0<(P:n ](,\f0+%,7[)(p,ln(xl,7[). I

Remark. Let E, denote the jth Euler polynomial restricted to the
interval [0, 1 ]. Then we have

o1 r)=(=1)""D22"E (1) ifmiseven,

et m)=(~1)"*""227E (1) ifmis odd.

Hence the statement |2 (x,, x,. 7)| > 0 is equivalent to the Haar condition

m

for the polynomials £, (-) and £,, (-}
Now we can show the following
THEOREM 8. Let 1, 1,€(0, 1] be fixed. Then for m = 2, we have
HX(ty,1,,e")=0 (—-m<u<n)

if and only if
Bm[TO’ Tl] = 0

Proof. The case m=2 follows from the example. Consider m = 3. First
assume that ¥ #0. Using (21), {19), and {22) it follows from Theorem 7
that for m>3 and 1y, 1,€R, t,—t, ¢ Z\{0},

lp7(to, 11, 1) >0
with — 7 <u<n, ¥#0. Thus by Lemma 2,
|42 (1, T,, ™) >0 (—m<ugmu#0)
with 0 < 1,< 1, < 1. Hence, by Theorem 4 we find
|H2(tg, T,, ™) >0 (—n<u<n, u#0)

Together with Theorem 5 this completes the proof. ||

Now the assertion of Theorem 2 follows readily from Theorems 3 and 8.
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7. CARDINAL SPLINE INTERPOLATION

The result of Theorem 2 on existence and uniqueness of solutions in the
periodic case can be extended to cardinal spline interpolation. Let me N
{(m=2)and re{l,.., m} be fixed. By §,,, we denote the linear space of all
real functions s€ C”~ "(R) with

s(j—1+0=p,(1)  (p,eP,)

for all te[0,1].

We consider the following cardinal spline interpolation problem: For
fixed real data sequences ("), z, (¥!"); 2 and given shift parameters z,,
7, R with 0 <t,< 1, <1, we wish to find a spline function s€ S, ,, such

that
S(j+ 1) =i (jeZ),
o (27)
sli+te, j+0,l=y"  (jeZ)

With the introduction of the linear operator U by
U(y](‘k’)[sz:=(,’_;'kf'1)jel (k=0, 1)5

it follows that the spline interpolation problem (27) is uniquely solvable if
and only if the infinite Toeplitz matrix H2(z,, 7,, U) is nonsingular, i.e., if

H(1y,7,,2)#0 (jz| = 1).

Hence we have as an immediate consequence of Theorem 8:

THEOREM 9. Let meN (m>=2) and 1, 1,€R with 0<1,<1, <1 be
Jixed. Then the cardinal spline interpolation problem (27) possesses a unique
solution s€ S, , for any data sequences (v{");cz, (¥{'"");cz €1, if and only

if B,[t9,71#0
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